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1 General Setup

1.1 Definition

Definition 1.1. Let f be a function from X to the poset (Y, <), and let D C X. A mazximization
problem takes the form

I;lg}((f(a;) st.x €D

where f is called the objective function, x is called the choice variable, and D is called the
constraint set or feasible set. A point x € X is said to be feasible iff v € D.

*The present lecture notes were largely based on math camp materials from César Barilla, Palaash Bhargava, Paul

Koh, and Xuan Li. All errors in this document are mine. If you find a typo or an error, please send me an email at
ac4790Q@columbia.edu.



The set of maximizers, or maximum points, of this problem is defined as

cxeD}={a"eD:f (") > vaeD)
argmax { f (v) : @ € D} := {@ f@*)>f(z) Ve
If the set of maximizers is nonempty, then this problem is said to have a solution. In this case, we
define the maximum, or the mazximum value, of this problem as f (x*), where x* is an arbitrary
mazimizer, and denote it as maxzex {f (z) : & € D}.

The maximum does not need to exist in general, i.e the set of maximizers can be empty. Consider
for example the function :

f:(0,1) = (0,1)
T T

This function does not have a maximum because for every point x € (0,1) I can find a point
' € (0,1) such that f(z') > f(z) (by moving arbitrarily close to 1). In other words, the set
f((0,1)) does not have a maximum.

Notice that although the set of maximizers can be non-singleton when nonempty, the maximum
does not depend on the selection of z* from the set of maximizers. This follows directly from the
anti-symmetry property of the partial order on Y. Therefore, if it exists, the maximum is a well
defined (unique) element of Y :

max f(z) eY.

The set of maximizers, by contrast, is a subset of D in general :

argmax f(x) C D
xeD
If (Y, <) has the least upper bound property, then we know that the following supremum always
exist :

sup f(z).

zeD
This will notably be the case when Y = R, which will be our main case of of interest. Then, the
question of whether a maximum exists can be interpreted as whether this supremum is attained by
a point in D. There exists a smallest upper bound to f(x), but is it feasible to attain this value
from a point in D ? The previous example already hints at the fact that both the properties of the
set D and the function f will jointly determine the answer to this question — this is because we are
essentially studying the set f(D).

We can define minimization problem analogously. In fact, we can always transform a mini-
mization problem into a maximization problem by reversing the order < on the codomain, and
therefore it is without loss to only study maximization problems. In most applications, of course,
the codomain of the objective function f is the totally ordered set (R,<). In this case, we can
transform a minimization problem of function f to a maximization problem of —f. Throughout
these notes we will focus on maximization, but all our results are directly applicable to minimization
using the following transformation :

max () = — min(— f)(z)

zeD zeX

argmax f(x) = argmin(—f)(x)
zeD zeX



Observe that so far, we have not specified what the set X (the domain of the function) is allowed
to be. In general, this could be anything, but different set structures will lead to different techniques.
For instance, X could be a finite set, a finite or infinite dimensional vector space or a subset of
one, a subset of a metric space, etc. The structure of the space will naturally determine the tools
that we can use to study the problem. We introduce some usual terminology to categorize different
common types of optimization problems :

e ”"Unconstrained optimization” refers to an optimization problem where D is an open set of a
metric space.

e ”Optimization under equality constraint” refers to an optimization problem where D is of the
form D = {z € X,g(x) = 0}, where g : X — Z, and both X, Z are metric spaces. If Z is a
vector space of dimension p (typically Z = RP), we say that p is the "number of constraints”.

e "Optimization under inequality constraint” refers to an optimization problem where D is of
the form D = {z € X,Vi € I, ¢;(x) < 0}, where g; : X — R for all ¢ € [. If |I] is finite, we
refer to it again as the number of constraints.

e We will sometimes talk about mixed constraints when combining equality and inequality
constraints.

e We say that x¢g € D is a global mazrimum if it is a solution to the optimization problem, i.e
f(zo) > f(x) for all x € D.

e We say that zg € D is a local mazimum if there exists a neigborhood of zp in D (notice that
this requires X to be a metric space to allow us to talk about distance) such that f(z¢) > f(x)
for all x in this neighborhood.

There are generally three main kind of questions that we can investigate when looking at an
optimization problem :

1. Does there exist (at least) a solution ? In other words, can we find a maximizer ? Is this
maximizer unique ? This is usually the first question in the logical order : we cannot say
much if there is no maximum and our problem is not well defined. Existence questions are
usually approached using Analysis tools.

2. What are the properties of the solution ? How to characterize the maximizers and the maxi-
mum ? What can we say about them 7 This is where we usually start to get more economics-
relevant results that allows us to characterize some behavior and its properties of interest. To
answer these questions, we often use the tools of differential calculus.

3. Can we explicitly identify the solution or an approximation of it 7 In simple cases, this will
actually be answered with the same tools as the previous question. In general, we might
need to construct algorithms or numerical methods to approximate complex solutions that we
cannot find explicitly.

In those lecture notes, we will talk mostly about the first two questions, although in many cases
we will look at problems simple enough that the second and third questions are actually answered
together.



1.2 General Properties

The following proposition relates a maximization problem on a bigger set to a maximization problem
over a subset (this can allow us, in particular, to relate local maxima to global maxima).

Proposition 1.2. (Variant 1) Let f be a function from X to the poset (Y, <), andlet E C D C X.
Suppose thatV x € D, 3 & € E s.t. f(2) > f(x). Consider the following two problems:

.. D
I;le%}((f(x) st.x €

and

glg)((f(x) st.xeE

The mazimizers in the two problems have the following relation

argrxneaﬁc{f(x):er} = (argrgg;g{f(x):acéD}) NE

and if one of the two problems has a solution, then the other also has a solution. Furthermore,
when the two problems have a solution, they have the same maximum.

(Variant 2)

Let f be a function from X to the totally ordered set (Y,<). Let D C X, and xy be some
arbitrary element of D, and define E := {af eED:f(x)>f (:1;0)}. Then we have

rx e By = rx €D
argmax {f () : ¢ € B} = argmax {f (x) : x € D}
and the two problems have the same maximum if they have a solution.

Intuitively, Variant 1 of Prop.1.2 says that when we choose x € D to maximize f (z), we can
instead focus only on ¥ C D without loss of optimality, if for any alternative x € D we can find an
alternative & € F that is weakly better than x'.Variant 2 says that if the alternative zq is feasible,
then we can ignore all alternatives strictly worse than xo without loss of optimality?.

Proposition 1.3. Let f be a function from X to the poset (Y,<), and let D C X. Let {Da}
be a family of subsets of D s.t.
U D, =D

a€cA
For each o € A, let

X = : D
o argglgzg{f(x) z € Dy}

Suppose that X% # () for any o € A. Then
arggng;(({f(x) cx €D}

= arg max f(z):ze UXa
acA

!The proposition above has an important application in mechanism design. When the principal chooses from
the space of all mechanisms to maximize some objective function, the Revelation Principle states that any allocation
that can be implemented by some mechanism can also be implemented by a direct truthful mechanism. Therefore,
the proposition above implies that it is without loss of optimality for the principal to focus only on the space of
direct truthful mechanism, which is a much smaller space compared to the space of all mechanisms. In this way, the
maximization problem of the principal is greatly simplified.

?Notice that Variant 2 requires that the codomain Y is a totally ordered set, and the result does not hold if the
order < defined on the codomain is not complete.



Intuitively, this proposition says that when we optimize f over the set D, we can partition D
into pieces and optimize in each piece. Then we can collect the maximizers over each piece and
compare them.

1.3 Examples

1. Choice problem. Let X a set of possible alternatives for a decision-maker — i.e the decision
maker has to choose one element in X. Assume that the preferences of the decision maker
are represented by an objective function f : X — R such that f(z') > f(z) if and only if 2’/
is a better alternative than z, i.e 2’ is preferred to . In the case of a consumption problem,
this would often be referred to as a utility function, but in general this could be anything that
captures the preferences of the decision-maker3. Then the decision problem can be viewed as
a maximization problem : the best alternative x* would be one that dominate all others i.e
f(z*) > f(x) for all z. In other words, we can view model the decision problem as :

max f(z)

Where the chosen alternative would be anything in argmax,cp f(z).

We can make several modelling remarks here. First, this is only one model for the decision
problem. We can approach it from a normative perspective : if we assume that f is the
right objective function (i.e we take for granted that it represents the true preferences of
the decision maker), then solving the problem will tell us what the decision maker should
choose under those preferences. The validity of the answer is obviously contingent on having
the right objective function. We might also try to have a descriptive approach and try to
predict what a decision-maker would choose. Then the objective function might not be a
representation of the true preferences if the decision process is imperfect (e.g. noisy), but it
would have to be a representation of the criterion that the decision maker uses. When trying
to have a descriptive approach, the model we choose to predict behavior should ultimately be
comparible (and compared) to actual relevant decisions to assess its accuracy and predictive
power. It is also very important to found the structure and assumptions of our approach on
general principle. A model is never universal, it is only one self-consistent approximation that
may or may not be applicable to represent more complex phenomena.

2. Best response. Consider a game with two players that simultaneously choose an action.
Player 1 chooses an action from a set A and player two chooses from a set B. The resulting
payoff for player 1 when they choose a € A and the other chooses b € B is given by uy(a, b);
this is the payoff function or utility function, which is a function from A x B to R. We might
wonder, if player 1 knew what player 2 is going to play, what would be their best choice (i.e
what would they like to play) ? This defines the best response problem. Fix some b € B,
we want to find a* € A such that ui(a*,b) > wui(a,b) for all @ € A. This is a maximization
problem in a, which has b has a fixed parameter, therefore it defines a mapping from a given
b to the set of maximizers for that b :

b — argmax uj(a, b)
acA

3Tt is not obvious (and it is not true in general) that arbitrary preferences of the decision maker can be represented
by a function. It is an important topic in decision theory to find explicit axiomatic characterizations of fundamental
preferences (represented as abstract relations on the set of alternatives) such that we can indeed represent preferences
as a utility function. Intuitively, you can see that representing preferences as a utility function requires everything to
be comparible (completeness) since all real numbers are comparible and preferences to be transitive (since we have
transitivity on R).



This is known as Player 1’s best response correspondence, and this plays a crucial role in
defining the concept of Nash Equilibrium of a game.

. Least Squares. Consider a problem where we want to assess the effect of some variable
x (e.g. years of education) on some variable y (e.g. wage). Assume that for some external
reason, we know that the relationship between those two variables can be well approximated
by a linear function y = Sx for some 8 € R, and we are interested in estimating the value
of that parameter 8 — in the education/wage example, this will tell us approximately how
much more an individual can expect to earn for an additional year of education. Furthermore
assume that we have observed data (z1,y1), (z2,%2), ..., (Tn, yn) giving us actual realized pairs
(z,y). One way to approach our estimation problem is to try choose the 8 that minimizes the
prediction error of the linear specification. If we fix a 3, then for observation ¢ the predicted
value will be ¢§; = Sx;, hence the estimation error will be y; — 4; = y; — Bx;. For technical
reasons, it is a good idea to focus on the square of the error (measuring the magnitude of
approximation) |y; — Sz;|. Therefore the total approximation error over all observations for a
given 8 will be given by :

n
> |y — Bl
i=1

One estimation procedure that can be shown to be effective if we have good reasons to use a
linear approximation is to try to minimize the sum of squared errors in 3. This leads to the
following minimization problem :

n
. 2
min i — Bx;
min Z |yi — Bl
=1
This is only one possible statistical model and one possible approach at solving it, but it is
quite a general idea that in statistics and econometrics, we can often express our problem as

minimizing some loss function that captures how well our estimation fits the observed data.

. Pareto-Optimal Allocation. Assume there are n agents among which we need to split
some ressource whose total amount is normalized to 1 (think about cutting a cake). Assume
that agent ¢ gets utility u;(x;) from a share z; € [0, 1] of the cake. We can ask : what is the
split of the cake that maximizes total utility ? In which case this will lead to the maximization
problem :

n
max Z u;(x;)
(xl,...,xn)e[o,l}" i=1

n
s.t. Z.T}Z < 1
i=1

The inequality constraint Y ., z; < 1 is a ressource constraint : we cannot distribute more
than the total size of the cake. We can generalize this problem to different objectives over
resulting utilities. For example, we might add relative weights ()\;) to the utilities of each



agent, giving a new maximization problem :

(z1,...,zn)€[0,1]™
n
s.t. sz <1
=1

We might care only about, say, the utility of the worse-off individual under a given split of
the cake. Given (z1, ..., ;) a repartition, the worse-off individual has utility ming<;<, u;(x;).
In that case, we would try to maximize :

max Z )\iui (.I‘Z)
=1

max min w;(z;)
(xlv-'vxn)e[o,”n 1<i<n

n
s.t. le <1
=1

There are many more examples of optimal allocation problems under various constraints, and
this has many applications in e.g. public goods or common resources problem.

2 Existence of Maximizers

The first issue about maximization problems is the existence of maximizers. We have already
seen results that provide existence results in our Real Analysis lecture. Indeed, remember that
Weierstrass theorem in Lecture 1 states that a continuous real-valued function on a compact set
must achieve its maximum/minimum. Let’s rewrite it as the proposition below.

Proposition 2.1. Let f : X — R, D C X nonempty, and consider the maximization problem

ma; x) s.t. x €D

max f (z)

If there exists a metric d defined on the set D s.t. (D,d) is a compact metric space, and the function
flp, i.e. f restricted in D, is continuous w.r.t. the metric d, then

argrgleeg}(c{f(x):meD}#@

i.e. the maximization problem has a solution.

In the proposition above, we use the usually defined order < and the Euclidean distance do for
the codomain R. Function f restricted in D is a new function f|p : D — R defined as f|p () = f (z)
for any « € D*.

Observe that compactness and continuity together play an essential role : because the image
of a compact set by a continuous function is a compact set, and because compact subsets of R
have a maximum, the function attains its maximum. Those conditions are sufficient, but in general
not necessary. It is however, a very frequent theme in optimization method to show existence that
compactness and continuity play a part together. Although there is no absolutely universal method,
those notions and techniques can be applied and adapted to many particular cases.

“We distinguish between f and f|p because continuity is not defined without the metric d, while a metric is not
necassary on X\D.



Weierstrass theorem provides a sufficient condition for a maximization problem to have a solu-
tion. However, sometimes we cannot directly apply Weierstrass theorem to argue that a maximiza-
tion problem has a solution. For example, consider the following maximization problem:

max Inzi+Inzg st 1 +x9=23
($17$2)6Ri+

Notice that the constraint set D in this problem is
D := {(ﬂ:l,xg) € ]R?H_ (T + X9 = 3}

which is not compact under the Euclidean distance ds, since it is not closed in (RQ, dg). Therefore, we
cannot directly apply Weierstrass theorem, although the objective function In x1+In x5 is continuous.

However, we can transform this problem to another problem to which Weierstrass theorem
applies, using Proposition 1.2. Because (1,2) € D, and f (1,2) = In2, we can define

E = {(:xl,acg) € R?H cx1+x0=3, Inxz1 +1nxy > 1n2}
By Proposition 1.2, the problem

max Inz; +1nwze st (x1,22) € E
(J:hxz)ER%mL

has the same set of maximizers as the original problem. It can be shown that E is compact under
ds, and so we can invoke Weierstrass theorem to argue that the maximization problem over F has a
solution, and therefore, the original problem over D also has a solution. It’s important to remember
that how the problem is written matters, and in general the choice of the underlying space and
the distance will influence which techniques we can use. This is true in finite dimension and even
more so in infinite dimension, and highlights the importance of having our general toolbox of real
analysis at hand to analyze those problems.

The next issue is about the uniqueness of the maximizer. One of the main techniques to get
uniqueness is to use concavity (for a minimum, convexity for a maximum) of functions to relate
local and global properties. Concavity captures the idea that ”mixtures improve the objective
function” (the image of the convex combination is higher than the convex combination of the
images), therefore strict concavity will imply uniqueness, because given two maxima we can take
a convex combination of them and do strictly better. In general, we get a more general result by
only requiring quasi-concavity. Formally, we have the following result :

Proposition 2.2. Let X be a set in real vector space (V,+,-), and let f : X — R. If D C X
is a convex set in'V and f|p is a strictly quasi-concave function, then arg max,ex {f () :x e D}
contains at most one point, i.e. the mazximization problem has a unique maximizer if it exists.

Proof. Suppose x*, z** € arg max,cx {f (x):x € D} and x* # x**. By strict quasi-concavity of f,
we have

Because D is a convex set, we know that %m* + %x** € D, and this contradicts the assumption that
¥ o € argmax,cx {f(x)::z:ED}. O

In the proposition above, if we replace strict quasi-concavity by quasi-concavity, then we don’t
have this uniqueness result. Instead we have the following result.



Proposition 2.3. Let X be a set in real vector space (V,+,-), and let f: X - R. If D C X is a
convez set in' V' and f|p is a quasi-concave function, then arg max,ex {f (x):x € D} 1§ a conver
set in V.

Proof. Suppose z*,z** € argmaxzex {f(z) : 2 € D}. Then VA € [0,1], f(Az* + (1 — N)a**) >
min { flx*), f (:p**)} because f is quasi-concave. As the value of maximum f(z*) is unique if exists,
we have f(Az*+(1—X)z**) = f(2*) and therefore Aa*+(1—\)2z** € argmaxzex {f (z) :x € D} O

It’s important to remember that there is no universal method to prove either existence or
uniqueness of minimizers. The notions of compactness, continuity, concavity provide useful tools
because they capture fundamental properties that will imply those results. The spirit of those results
can be adapted and extended to ad hoc cases, or conversely non-existence or non-uniqueness can be
proven by finding e.g. appropriate violations of compactness, continuity or concavity respectively.
Those results are general guides that cover a lot of cases, but it’s important to understand their
logic to be able to replicate and adapt those results to problems of interest.

3 Unconstrained Optimization on R"

From now on, we focus on maximization problems for real-valued functions defined on a subset of
R™. In this paragraph, we consider unconstrained optimization problem where the set over which
the optimization problem is defined is an open set in R"”. What makes such problems special (and
easier to deal with) is that in an open set, we can always compare a point to all the points in a
ball around it. Since all points are interior points, the conditions for being a local maximizer will
have the same form for all points : we only need to check that the point achieves the highest value
compared to a ball around it (which is symmetric). If we had non-interior points (boundary points)
in the set, this would introduce an asymmetry. We will deal with that in the next paragraphs in
the form of (in)equality constraints.

First, we consider single variable functions for simplicity, and then generalize it to multivariable
functions. The next theorem provides the necessary first order condition and the necessary second
order condition for an interior maximizer. The result does not require that D is open but restricts
the attention to interior maximizers which is equivalent (we ignore maximizers on the boundary).

Theorem 3.1. Let X be a set in R, and D C X. Let f: X — R, and consider the problem

max f (z) s.t. x € D
zeX
and let x* € int (D) be a mazximizer of the problem.
(1) If f is differentiable at x*, then f'(z*) = 0.
(2) If f is differentiable in an open ball around x*, and is twice differentiable at x*, then " (z*) <

In the theorem above, x* is required to be an interior point of the constraint set D w.r.t. the
whole real line (R, dy), instead of (X, dz). Assuming z* to be an interior point of D implies that z*
is also an interior point of the domain X, and so we are able to talk about the derivative of f at
z*. In (2), we require f’(z) to exist in some open ball around z*, and so we are able to talk about
f" (*). This is why openness plays such a crucial role : we can consider derivatives at every point
in the interior, which gives us information about local variations of the function, and if a set is open
any maximizer has to be an interior point by definition of an open set.

Observe that necessary conditions equivalently characterize local maximizers. Since any global
maximum has to be a local maximum, we can consider the set of local maximizers as the set



of candidate points to be the maximum. Those conditions, however, are only necessary and not
sufficient : being a local maximizer (a candidate global maximizer) does not imply being a global
maximizer in general.

Now let’s generalize this result to multivariate functions.

Theorem 3.2. Let X be a set in R", and D C X. Let f: X — R, and consider the problem

r;lea%f(a;) st.x €D

and let x* € int (D) be a maximizer of the problem.

(1) If f is differentiable at x*, then V f (x*) = 0.

(2) If f is differentiable in an open ball around x*, and is twice differentiable at x*, then Hy (x*)
s negative semi-definite.

In the theorem above, again z* is required to be an interior point of the constraint set D w.r.t.
the whole Euclidean space (R",dz), instead of (X, ds). Assuming x* to be an interior point of D
implies that z* is also an interior point of the domain X, and so we can talk about total/partial
derivatives of f at z*.

To maximize f, in practice we usually take partials of f and set them equal to 0, and then solve
for the maximizers. Setting all partials equal to 0 is called the (necessary) first order condition
(FOC) of the maximization problem. The theorem above implies that FOC is necessary for interior
maximizers at which all partials exist.

Note that those results only hold if f is differentiable. If f is not differentiable, the previous
theorem is simply not applicable and does not give us any information. In particular, this does
not say that a non-differentiable function has or does not have a maximum, or where it might or
might not be — it does not say anything at all.

Another way to interpret the theorem above is to look at Taylor approximations. At the first
order, we have :

flx

_|_
when ||h|| = 0. Hence, if f(x+h) >
this must mean that Vf(z)-h <0
t > 0 small enough we have :

f(z) for all h (which is a consequence of x being a maximizer),

h) = f(z) + Vf(z)-h+o(][h]])
for all A small enough. In particular, taking h = tV f(z) for

V(@) - (tVf(2) =tV f(@)]]* <0

Which is only possible if Vf(x) = 0.
We can similarly interpret the second-order condition : if z is a candidate maximizer, i.e V f(x) =
0, then we have as ||h|| — 0 :

Fla+h) = (@) + V(@) b+ sh"H () + ol hIP) = F@) + SHTHy () + of Ihl])
hence when h small :
Flah) — () = ShTH ()
so f(x+h)— f(z) is of the sign of KT H ()l : if Hy(z) is negative semi-definite (f is locally concave

at x), f(x 4+ h) — f(z) <0 for all h small enough, i.e f(2’) < f(x) for 2’ in some small ball around
x, in other words x is a local maximum.

10



Those first and second order approximations highlight that the first order condition corresponds
to being a critical point which is a local extremum, but the second order term determines whether
it is a local minimum or maximum.

There are two things to be careful about when using FOC. First, FOC is not a sufficient condition
for an x* to be a maximizer, i.e. an z* at which all partials are 0 may or may not be a maximizer.
Second, FOC is only necessary for interior maximizers at which all partials exist; if a maximizer x*
is on the boundary of D then FOC may or may not hold at z*; if some partials do not exist at a
maximizer x*, then it doesn’t even make sense to talk about FOC at z*.

In practice, we solve for all solutions to FOC, and consider them as "type 1” candidates for
maximizers. If D is open, this is all we have to consider. If D is not open, we also collect all points
on the boundary of D and all points at which some partials do not exist, and consider them as "type
2” candidates. Then we combine the two types of candidates and examine them carefully. It is
possible that the problem does not have a solution at all, in which case no candidate is a maximizer.
However, if we know that the problem has a maximizer, possibly by Weierstrass theorem, then we
know that it must be among the candidates we have found (Proposition 1.3). Then the maximizers
are exactly those candidates that give us the highest value among all candidates.

Negative semi-definite Hy (z*) is sometimes called the necessary second order condition
(necessary SOC) of the maximization problem. The theorem above states that necessary SOC is
necessary for interior maximizers at which f is twice differentiable, and so it may help us to rule
out some solutions to FOC but are not maximizers of the problem.

Negative definite Hy (*) is sometimes called the locally sufficient second order condition
(locally sufficient SOC) of the maximization problem, because when f is C? in some open ball
around z*, a negative definite H¢ (2*) is sufficient for «* to be a strict local mazimizer, in the sense
that 36 > 0 s.t. f(z*) > f(x) for any z € Bs(z*)\{z*}. See FMEA Theorem 3.2.1, 2.3.2,
and 1.8.1 for a proof. Clearly, a negative definite Hy (z*) is not sufficient for z* being a (global)
maximizer, since Hy (z*) only gives us local properties of the function f.

Now let’s state several sufficient conditions for z* being a (global) maximizer.

Theorem 3.3. Let X be a convex set in R", and D C X. Let f: X — R be a concave function,
and consider the problem

.. D
I;g}((f(:c) s.t. x €

If f is differentiable at x* € int (X)N D, and Vf (x*) =0, then x* is a mazximizer of the problem.

In the theorem above, the objective function f is assumed to be concave, which is a global
property.

Proof. WTS: f(z*) > f () for any x € D.
Let’s show an even stronger statement: f (z*) > f(x) for any z € X.
Suppose 3 & € X s.t. f(z) > f(2*). Clearly, we have & # z*. By concavity of f, we know that

FOZ+A=Na*) > A (&) + (1 =N f(zF)
for any A € [0,1]. Let z := & — z*, and for any A € (0, 1], we have

f@*4+Xz) — f(x") _ f()\:%—i—(l—)\)x*)—f(x*)
A A
M@+ A =N f@") - (@)
- A

=f(&)—f(z") >0
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Because f is differentiable at z* and V f (z*) = 0, we have

o f @A) — f (@)

A—0 A

d N -
:ﬁf(:z; —|—)\z) /\:0:Vf(:n)-z:O

which contradicts

for all A € (0,1]. O

If we replace the concavity assumption in the theorem above by quasi-concavity, the sufficiency
result does not hold. For example, consider quasi-concave function f : R — R defined as f(z) = 23.
Clearly 0 € int(R) and f’(0) = 0, but 0 is not a maximizer on D = R,

However, if we further assume that the function is C? in some open ball around z*, and that

Hy (x*) is negative definite, and we can restore the sufficiency.

Theorem 3.4. Let X be a convexr set in R™, and D C X. Let f : X — R be a quasi-concave
function, and consider the problem

max f (z) s.t. x € D
zeX
Suppose that
(1) f is differentiable at z* € int (X)N D, Vf(2*) =0, and
(2) f is C? in some open ball around x*, and Hy (z*) is negative definite.
Then x* is a mazximizer of the problem.

4 Optimization under Equality Constraints in R"

In the previous section, we saw how to deal with interior points : this provided us with a method
to deal with open sets and some non-open sets by considering ”individually” all boundary and
non-differentiability points as candidates. In general, this second might not be practical of feasible
if there is, in a sense, "a lot” of boundary points.

We now consider the particular case of equality constraints, where all admissible points
are boundary points so we cannot use the interior characterization directly. However, due to the
particular structure of equality constraints, we can use the ideas of the unconstrained approach to
rewrite the problem in a more convenient way. This will lead us to introducing the Lagrangian
Formalism, that we will then extend to deal with both equality and inequality constraints (Kuhn-
Tucker Theorem, in the next paragraph).

We consider the following problem. Let f : R® — R and g : R* — R* with g(z) =
(g1(2), ..., gx(x)) and ¢ = (c1,...,cx) € RF. The set {x € R” g(x) = c} is called a level set of
g, and is pinned down by the choice of the constant ¢. We consider the problem of optimizing f on
a level set of g :

max X
z€{z,g(x)=c} f( )

which we rewrite equivalently in the constrained form :
max f(x
xER"f( )
st. g(z) =c¢

12



Where ¢(z) = ¢ explicitly rewrites as g;(z) = ¢; for all ¢ :

91(90) =

ge(T) = ck

Existence questions are quite similar in spirit to the general case. For example, if we can prove
that the level set {z, g(z) = ¢} C R" is compact in R" and f is continuous, we will get existence
immediately.

Observe that if we can rewrite the level set as a parametrized region, where the parameter
belongs to an open set, we can rewrite the whole problem as an unconstrained problem. Typically,
if there exists x : R — R” such that :

{z,9(z) =z} = {z(t),t € R}
Then we can rewrite :

o f(a) = mae £ ((1)

which is an unconstrained optimization problem. This can sometimes be done directly (we some-
times refer to this as ”substitution”) and allows to use the tools of the previous paragraph directly.

Example 4.1. If g : R? = R, with g(z,y) = x +y, then :

{(x,y),g(x,y) = O} = {(t> _t)7t € R}

Sometimes, finding a parametrization is neither easy nor convenient, but thankfully we can
develop tools to deal with equality constraints directly when the functions f and g are differentiable.
This is the object of the next theorem, stated for one constraint.

Theorem 4.2. Let f,g : D C R"™ — R and z* € int(D). If x* is a local extremum of f under
the constraint g = ¢, if f is differentiable at x*, g is differentiable in a neigborhood of x* and if
Vg(x*) # 0, then there exists A\ € R such that :

V(") = AVg(z")
A s called the Lagrange multiplier associated to the constraint.

i.e at an extremum, the gradient of the objective function must be colinear to the gradient of
the constraint : this is the constrained equivalent of the first order condition in an unconstrained
problem. This result can be given a geometric interpretation and follows from linear algebra con-
siderations which we will make more precise when talking about several constraints.

We now introduce Lagrangian notations. Given the problem of maximizing f under the con-
straint ¢ = ¢, define the Lagrangian of the problem as the function £ : R™ x R — R such that

Lz, \) = f(x) = My(x) - ¢)

13



The previous theorem rewrites as follows : if z* is an extremum of f under the constraint g = c,
then there exists A such that (z*,\) is a critical point of £, i.e :

9L (2% N) =0
z* — ox
VL(z*,\) =0« {%(z*’)\) 0
- {Vf(x*) ~ AVg(z*) =0
g(a*) —c=0

The theorem (and the Lagrangian notation) extend to more than one constraint.

Theorem 4.3. Let f,g1,...,gx : D CR® = R and ¢ = (c1,...,c;) € RE. If 2* € int(D) is a local
extremum of f under the constraints g; = ¢; for all i and if

(i) f is differentiable at x*
(ii) g is C' in a neighborhood of =*
(iii) the family (Vgi(x*), ..., Vgr(z*)) is independent

then there exists (A1, ..., \i,) € RF such that :

k
Vi) =Y AiVgi(a")
i=1

The Lagrangian with several constraints is defined as :

k

Lz, ) = f(2) =Y Nilgi(e) — i) = f(a) = A~ (9(z) — )

=1

If 2* is an extremum of f under the constraint g = ¢, then there exists A € R¥ such that (z*, \) is
a critical point of L, i.e :

8[:(1:*
Vﬁ(m*,A)zO@{ ( ’

This theorem has a fundamental geometric interpretation that relies on the notion of tangent
hyperplanes. Essentially, we can see with one constraint that the gradient of f at an optimum
has to be orthogonal to the line tangent to the space {g(z) = c} at that point. Essentially this
captures the idea that ”otherwise, we could move a little bit while staying in the constraint space
and improve f”. This tangency condition captures the idea that locally, we cannot improve on the
value of f without exiting the space. A classical result on the tangent line is that the gradient of
g at x is orthogonal to the tangent line to the space {g = ¢} at z. If both V f(z*) and Vg(z*) are
orthogonal to the same line, they must be colinear, giving the result.

In general, the proof of the theorem is a consequence of Farkas lemma which is an important
result in linear algebra :

Lemma 4.4 (Farkas Lemma). Let V' a vector space equipped with an inner product (-,-). Leta € V
and (ay,...,ax) € VE. The following statements are equivalent :

14



(i) For allz € V, if {(a;,x) <0 for alli=1,....k, then (a,z) <0
(ii) There exists (A1, ..., \) € RE such that a = Zle Ai@;.

Farkas lemma can be interpreted in terms of linear transformations and combined with result
about differentiation (recall that derivatives correspond to local linear approximations) to prove the
following proposition :

Proposition 4.5. Let 2* a local extremum of f under g = c. If f is differentiable at x*, g is C!
in a neighborhood of x* and g'(x*) (understood as the linear map from R™ to R¥ corresponding to
the matrixz) is surjective, then for every h € R™ :

Jd@)h=0 = Vf(z*)=0

Observe that h — ¢'(2*)h surjective corresponds exactly to the condition that the family
(Vgi(z*), ..., Vgr(x*)) is independent (no two constraints are colinear at the optimum, i.e there
is no "redundant” constraint). The theorem follows from the proposition or Farkas lemma.

Using the Lagrangian formulation, we can further give sufficient second order conditions to be
a local maximum.

Theorem 4.6. Let . g1,...,gx : D CR® = R and ¢ = (c1,...,c;) € RE. If 2* € int(D) is a local
mazximum of f under the constraints g; = ¢; for all i and :

(i) f is twice differentiable at x*

(ii) g is C? in a neighborhood of x*

(iii) the family (Vgi(x*), ..., Vgr(z*)) is independent
then there exists (A1, ..., \i,) € RF such that :

k
VoL(x*,X) = Vf(z*) = > A\Vgi(z*) =0
=1

W Hopw L(x*, N\ < 0 for all h € ker(g/(z*))

The last condition equivalently means that the Lagrangian, interpreted as a function of z,
is locally concave in the constraint space. If this function is further globally concave, then the
maximum is unique (the proof is similar to the previous unconstrained case). We will see those
results again in more detail and more generality in the next section when incorporating inequality
constraints.

5 Inequality Contstraints : Kuhn-Tucker Theorem

We now wish to extend the results of the previous section to inequality constraints. Inequality
constraints are more complex in nature because they might not bind : if we have a constraint
g(x) < ¢, and it turns out that at the optimum g¢(x) < ¢, then x is essentially an interior point
and it is "as if” the constraint was not there locally. On the other if we saturate the constraint, i.e
g(x) = c at the optimum, then we need a machinery similar to that we just introduced to deal with
an extra equality constraint — given the admissible directions of increase are locally reduced.

This section discusses the Kuhn-Tucker Theorem, which is a crucial result for constrained opti-
mization. You may refer to FMEA Chapter 3.3 - 3.10.

First, let’s define the problem we study in this section, and introduces the concept of constraint
qualification (CQ).
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Definition 5.1. Let X be an open set in R", and let f : X - R, g: X - RF, and h : X — R™ be
C' functions. Consider the problem

max f () s.t. g(x) >0 and h(x) =0

zeX

For a feasible point & € X, the inequality constraint gj (x) > 0 is said to be binding at & iff
gj (2) = 0.

We say that the constraint qualification (CQ) holds at & iff the derivatives of all binding
constraints

{VQj (i.)}{j:gjbindmg at T} U {Vhl (i.)}lril

in R™ are linearly independent; otherwise we say that the constraint qualification (CQ) fails
at 2.

As stated in the definition above, we study the problem

.t D
gg}({f(x) st. x e

where the constraint set D is described by a set of k weak inequalities and a set of m equalities:
D:={zeX:g(x)>0and h(z) =0}

In the problem, we require the domain X to be open, and the inequalities to be weak®.
In practice, we often define the Lagrangian function of the maximization problem as

LA ) = f(2) + ATg (@) + 1" ()

k m
= F @)+ D> Mg (@) + >l ()
=1 =1

and A\;’s and p’s are called the Lagrangian multipliers.
Now let’s state Kuhn-Tucker theorem.

Theorem 5.2 (Kuhn-Tucker). Let X be an open set in R™, and let f : X = R, g: X — R*, and
h:X — R™ be C' functions. Consider the problem

mez?((f(x) s.t. g(z) >0 and h(z) =0

SIf we have strict inequality in some of the constraints, then those constraints should be considered as a part of
the definition of the open set X. If X is not open by the nature of the problem, then we should consider the ”closed
boundary” of X as a weak inequality constraint. For example, if the problem is

max r1x2
(z1,22)€RY

xo > 1
1 +a2<4

s.t.

then we should rewrite it as

max X1T2
(21,22)ERX (1,+00)

1‘120
4—I1—$220

s.t.
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If x* is a mazimizer of the problem above, and CQ holds at x*, then there exists a unique (A, u) €
Ri x R™ s.t. the following two conditions hold:
(1) First order condition (FOC):

(2) Complementary slackness condition (CSC):
hi(z*) =0

foreachl € {1,...,m}.
Aj >0, gj (93*) >0, and \;g; (x*) =0
for each j € {1,... ,k}.

Clearly, when there is no constraint (k = m = 0), the problem in the theorem above becomes
maxzex f (x), and the FOC reduces to V f (z*) = 0, which is the necessary condition we saw in the
previous section for an interior maximizer x* at which f is differentiable. Under the assumptions of
this theorem, z* is automatically an interior point of X because X is open, and f is differentiable

at z* because f is differentiable everywhere.
The FOC in the theorem above is essentially

+ZA Vg; (x +vam =

or equivalently, for each i € {1,...,n}

8g * - 8hl %
8:61 + ZA] axj ZM ox; (x ) =0

which is essentially setting the partials of the Lagrangian L£(x, A\, u) w.r.t. x;, i = 1,2,...,n to
zero:

9L )

=0
dx

*

=

or equivalently, for each i € {1,...,n}

oL

87%2‘ (x*a/\vu) =0

Simply put, Kuhn-Tucker theorem states that if z* is a maximizer and satisfies CQ, then there
exist A and p s.t. (2%, A\, u) satisfies FOC + CSC.
In practice, we often write down the following system of conditions

reX
0 .
() + 5 NG (a )+zl LS (x)=0,Vi=1,...n
hi(z)=0,VIi=1,.
)\jZO,gj(a:)ZO,and)\jgj(x)zo, Vi=1,...,k

which is sometimes known as the Kuhn-Tucker condition. Then we can solve for all solutions
(x, A, 1) to this system. Kuhn-Tucker theorem states that if * is a maximizer and satisfies CQ, =
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must be a part of some solution (x, A\, ) to the K-T condition, and therefore, we must be able to
find this z* by solving for all solutions to the K-T condition.

Notice that the theorem only works for maximizer x*’s at which CQ holds. If CQ fails at z*,
then there may not exist (A, p) s.t. (*, A, u) satisfies FOC and CSC, even if 2* is a maximizer of the
problem. Therefore, we may never be able to find such maximizers by solving the K-T condition.
An example is given below.

Example 5.3. Consider the problem

max —xa
(z1,72)€ER2
s.t.
2 — 23 =0
Because x5 = x2 > 0, and so 2 > 0, and clearly the unique mazimizer of this problem is

(zf,23) = (0,0). However, if we write down the Lagrangian
L(z1,22,\) = —z2 + A (x% - x%)

and consider the FOC
gTL (acl,wg,)\) = 2)\1‘1 =0
OL (31, 29,\) = —1 — 3 23 =0

0o

clearly there exists no A € R s.t. (0,0, \) satisfies the FOC above. Therefore, we will never find the
correct mazimizer (z3,23) = (0,0) by solving the FOC.

This is not a violation of Kuhn-Tucker theorem because CQ fails at (0,0), and so K-T theorem
is silent about the mazimizer (z3,23) = (0,0). To see why CQ fails at (0,0), let h (z1,z2) := 2% — 23
and we have Vh (0,0) = (0,0), which is a not linearly independent when considered as a set of only
one vector.

The right way to use K-T theorem to find the maximizers of a problem is the following:

First, we collect all 2’s that appears in some solution (x, A, 1) to K-T condition, and consider
them as "type 1”7 candidates for the maximizers. Then we collect all x’s at which CQ fails, and
consider them as "type 2” candidates. Then we combine the two types of candidates and examine
them carefully. It is possible that the problem does not have a solution at all, in which case no
candidate is a maximizer. However, if we know that the problem has a maximizer, possibly by
Weierstrass theorem, then we know that it must be among the candidates we have found. Then the
maximizers are exactly those candidates that give us the highest value among all candidates.

Our procedure above involves solving the K-T condition

reX
dg; m .
S (@) + 5 N (o) + S G (1) =0, Yi=1,...n
hi(z)=0,VIi=1,...m
Aj >0, gj(x) >0, and A\jg; (z) =0, Vj=1,...,k

and one may wonder how we can solve this system in practice. This problem is difficult in general,
and we can only analytically solve this system when the functions take very simple forms. Notice
that the third line implies that either g; () = 0 or g; (x) > 0 ,which implies A\; = 0, and so we
have two cases to discuss for each j. In total, we have 2* cases to discuss. In each case, we have
n+m+ k equations and k weak inequalities for n 4 m + k unknowns. Also, the number 2 of cases
we need to discuss increases very fast as k increases, and this is another difficulty for this kind of
problems in general.
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In many economic applications, we might be able to use our economic intuitions to guess which
constraints are binding at optimum and which are not. You can verify your guess that the constraint
gj () > 0 is binding at optimum by showing that there is no solution to the K-T condition with
Aj = 0.

5.1 Applying Kuhn-Tucker Theorem: an Example

Sometimes, K-T theorem cannot be directly applied to solve a problem, and we need to analyze the
problem carefully, and try to transform the original problem into another to which K-T theorem
applies. Now let’s carefully analyze a specific maximization problem as an example.

Consider the problem

s.t.
P1x1 + p2xa <M

where a € (0,1), p1,p2 € Ry, and m € R, are parameters.
The first issue we should consider is the existence of maximizers. Because power function is
continuous, and the objective function m?x%f"‘ is a product of two power functions, and so it is

continuous. If we can also show that the constraint set
D (p,m) := {(3317332) € RY : p1ay + pow < m}

is a nonempty compact set, then by Weierstrass theorem the problem must have a solution. Clearly
we have (0,0) € D, and so we only need to show compactness

Claim 5.4. The constraint set D (p,m) is compact in (R2, dg), for any p € ]R?H_ and m € Ry.

Proof. By Heine-Borel, it is sufficient to show that D is closed and bounded in (]R2, dg).

(1) Closedness

Take any sequence (z") in D s.t. 2" — 20 € R2. WTS: 2% € D (Recall that what we use here
is the sequential definition of closed sets.)

Because 2" — 20, we have 27 — 29, and 2 — xJ. Because for each n, we have 2" € D, and
so 27 > 0 and 2% > 0, and so 2¥ > 0 and 2§ > 0 (weak inequality is preserved under limit), and
therefore 20 € R%r. Because p1x1 + paz2 is a continuous function in z, we have pia] + pazy —
p12) + paxY. Because p1af + paxh < m for each n, we have p1z{ + p2r) < m. As a result, we have
2% € D.

(2) Boundedness

Take any x € D, we have p1z1 < m and p2zs < m, and so

2 2
dg(ﬂ?,O):\/ZZI%—FCL’%S\/(m) +<m> =my/py 2 +py?
b1 p2
Let r := m\/pl_2 —|—p2_2 + 1, and we have D C B, (0). O

In fact, this claim is also true in R", i.e. D (p,m) := {X eRY :p-x< m} is compact in (R", ds)
for any p € R}, and m € R,.

According to the claim above, we know that the problem always has a solution by Weierstrass
theorem.
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The difficulty to apply K-T theorem is that the objective function has the domain R%— by its
nature, because the power function z® is only defined on Ry for a € (0,1) in general. Clearly the
domain Ri is not open in R2, and so it does not satisfy the assumption of K-T theorem. Although
it is possible to smoothly extend the objective function :r?x%_a to R?, we still cannot apply K-T
theorem because the objective function is not differentiable on the two axes. Therefore, we need to
approach the problem in another way.

If m = 0, then the only feasible point is (z1,x2) = (0,0), and the problem becomes trivial: it
has a unique maximizer (0,0), and the maximum is 0.

If m > 0, consider the feasible point & = (m/(2p1),m/(2p2)) € R3,. At this point, the
objective takes a strictly positive value. However, whenever 1 = 0 or x9 = 0, the objective takes
the value 0. Therefore, there cannot be any maximizer on the two axes, and it is without loss of
optimality to focus on the domain R%— +. Consider the new problem

max  afas @

(Il,xg)ERiJr
s.t.
P121 + p2xa <M

This new problem has the same set of maximizers as the original problem, and so we can solve this
new problem instead. To see this, take any maximizer x* of the original problem, and then we have
f(z*) > f(2) >0, and so 2* € R% , and so it is a maximizer of the new problem. On the other
hand, take any maximizer z* of the new problem. Because f (z*) > f(Z) > 0, and f () = 0 for
any x € Ri\Ri 4, we know that z* is a maximizer of the original problem.

In this new problem, the domain ]R?H_ is an open set in R2. Also, the objective function x%m;a
is C'! on the entire domain Ri +, and so K-T theorem applies. Define g : R%r L+ —Ras

g () :=m — p1x1 — paxo

and T € R%— 4, we have Vg (z) = (—p1, —p2) # 0, which is linearly independent when considered as
a set of only one vector. Therefore, CQ holds at all feasible points.
Write down the Lagrangian

L(z1,22,\) = 95?93%7& + A (m — prx1 — paxa)

and then the K-T condition

reR:,

am‘f‘_lx%_o‘ —Ap1 =0

(1—a)zfa;—Ap2=0

A >0, m—pixy — paxre > 0, and X (m — p1z1 — paxa) =0

By the two FOCs, we have A > 0, and so by CSC we have m — p1x1 — paxes = 0. Also, comparing
the two FOCs gives us

a—1_1-«
ax] Ty AP

(1—a)zfz,®  Aps

i.e.
P11 o

px2s 11—«

and so we have

11—«

am (1—a)m a® (1 —a)l™®
(xlaIZa)‘) - <a ( ) ) (a ) )
P P2 PPy
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as the unique solution to the K-T condition. So (z1,z2) = (am/p1, (1 — @) m/p2) is the unique
type 1 candidate in this problem.

Because CQ holds at all feasible point, there is no type 2 candidate at all. Because the problem
has a solution by Weierstrass, we know that the unique type 1 candidate

(01,72) = (am <1—>m)

b1 ’ b2

must be the unique maximizer of the problem.
This conclusion also applies to the case m = 0, and so we can unify the two cases. Therefore,
for any o € (0,1), p1,p2 € R4y, and m € R, the problem has a unique maximizer (af{,x;) =

(am/p1, (1 — a)m/ps).

5.2 Sufficient Conditions

The K-T theorem we have studied provides a condition that is necessary for maximizers at which
CQ holds, and it is by no means a sufficient condition. However, the theorem below provides a
sufficient condition for an z* being a maximizer of a constrained maximization problem.

Theorem 5.5. Let X be an open and convex set in R™, and let f : X - R, g : X — RF, and
h:X — R™ be C' functions. Consider the problem

mag}((f(a;) s.t. g(xz) >0 and h(z) =0
e
If x* is feasible, and there exists (A, p) € ]R]ix R™ s.t. the following three conditions hold
(1) FOC:
(2) CSC:
Aj >0, gj (az*) >0, and \jg; (x*) =0
for each j € {1,...,k}, and
(3) The Lagrangian Ly, : X — R defined as

Ly (@) == f(x) + ATg () + u"h (2)

18 a concave function,
then x* is a mazximizer of this problem.

In the theorem above, condition (1) and (2) are FOC and CSC in the K-T theorem. The
additional requirement (3) requires the Lagrangian function to be concave in z. According to this
theorem, when we solve the K-T condition for type 1 candidates, if we happen to find a solution
(i’, 5\, ﬂ) to K-T condition s.t. under this (5\, /l) the Lagrangian is a concave function in x, then
we can immediately conclude that & is a maximizer of the problem. But keep in mind that there
might be other maximizers, since the theorem is silent about uniqueness.

As a special case of the theorem above, when there is no constraint at all, i.e. k = m = 0, the
FOC reduces to Vf (z*) = 0, and the concavity of the Lagrangian reduces to the concavity of the
objective function f. This is consistent with Theorem 3.3.

The next theorem provides yet another sufficient condition for an z* being a maximizer.
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Theorem 5.6. Let X be an open and convex set in R”, and let f : X - R, g : X — R, and
h:X — R™ be C' functions, and f is concave. Consider the problem

meagcf(a;) s.t. g(x) >0 and h(z) =0

If x* is feasible, and there exists (A, p) € Rﬁx R™ s.t. the following three conditions hold
(1) FOC:
Vf(z*) + Mg (z*) + un () =0
(2) CSC:
Aj >0, gj (z%) >0, and \jg; (z*) =0
for each 5 € {1,...,k}, and

(3) A\jgj is quasi-concave for each j =1,...,k, and pyh; is quasi-concave for eachl =1,...,m,
then x* is a maximizer of this problem.

This theorem requires the objective f to be concave, g; to be quasi-concave if A\; > 0, h; to be
quasi-concave (quasi-convex) if p; > 0 (1 < 0). There is no restriction on g; (hy) if A; () is zero.
We often deal with objective functions which are quasiconcave, rather than concave. The follow-

ing result gives conditions under which the Kuhn-Tucker conditions are sufficient for a maximum,
when f is quasiconcave:

Theorem 5.7. Let X be an open and convezx set in R™, and let f : X - R, g : X — R, and
h:X — R™ be C! functions, and f is quasi-concave. Consider the problem

I;lg}({f@) s.t. g(xz) >0 and h(z) =0

If * is feasible, and there exists (A, u) € ]Rlix R™ s.t. the following three conditions hold
(1) FOC:
Vi) + Mg (2%) + p"h (2%) =0
(2) CSC:
Aj >0, gj (:L'*) >0, and \jg; (;v*) =0
for each j € {1,... k}, and
(3) Vf(x*) #0, Ajg; is quasi-concave for each j =1,...,k, and ph; is quasi-concave for each
l=1,...,m,
then x* is a maximizer of this problem.

5.3 Comparative Statics

Let’s consider the parameterized optimization problem P («):

ma)?zf(x,a) st. g(xz,a) >0 and h(z,a) =0
ze

where the parameter « is taken from some set A. For each «, if the problem P («) has a solution,
then we can calculate the maximum value of the problem P («), and define it as f* (a). Then it
might be interesting to study how the value function f* («) changes as the parameter o changes.

22



Theorem 5.8 (Envelope). Let X be an open set in R™, and A be an open set of parameters in R®.
Let f: X xA—>R,g: XxA—-RE andh: X x A— R™ be C' functions. For each parameter
a € A, define the problem P («) as

ng;(cf(:v,a) s.t. g(x,a) >0 and h(z,a) =0
re

Let A := {a € A:argmax P (o) # (D}, and define the value function f* : AR as
[ (o) =max {f (z,a) : g (z,0) >0 and h(z,a) =0}
zeX

For parameter o* € A, suppose:

(1) In the problem P (a*), there is a unique mazimizer x*, and CQ holds at x*.
(2) There exists € >0 and r > 0 s.t. V a € B: (a*), (argmax P (o)) N B, (z*) # 0.
Then the value function f* is differentiable at o*, and

d
f*/ (Oé*) — %L (l'*,)\*,/,b*,()é)

d s
= o=/ (=", a)

a=a*

+)\T%g(x,oz) —i—uT%h(x,oz)

a=a* a=uo* a=a*

where \* and p* are the unique Lagrangian multipliers found by K-T theorem for the problem P ().

In the theorem above, condition (1) guarantees that K-T theorem applies to the problem P (a*),
and so we can find a unique \* and p* s.t. (z*, \*, u*) satisfies FOC and CSC. Condition (2) implies
that f* () is well-defined for any a € B (o), and so we can talk about differentiability of f* at
a*.

The proof of this theorem is not straightforward. However, let’s provide a heuristic ”proof”,
assuming away some technical aspects of the problem. Assume that for each a € B. (a*), we
can find z () € argmax P (a) s.t. z («) is differentiable at a*. Also, assume that for each a €
B (a*), in the problem P (a), CQ holds at = (a)). By K-T theorem, there exists A (a) and p () s.t.
(z(a),A(a),p (o)) satisfies FOC and CSC for the problem P (c). Assume that A () and p ()
are differentiable at o*.

By definition of f*, we have f* (a) = f (2 (@), a) for any a € B: (a*), and therefore

£ (07) = -5 (2(a) )

d

= o [f(x(a),a)+>\(a)Tg(x(a),a)+M(a)Th(x(a)7a)}

a=a*

a=a*

The second equality is because CSC implies that A (a)” g (z (@), a) and w(a)’ h (z (@), ) are
constantly 0 for any a € B. (a*). Then by chain rule, we have




By feasibility, the last term h (z*, )" - 1/ (o*) = 0 i/ (@) = 0. In the second last term, if
g; (z*,a*) = g; (z (a*) ,a*) > 0, we have g; (z (a),a) >0 when a is in some open ball around a*.
By CSC, we have \;j (a) = 0 when « is in this open ball around a*, and so A} (a*) = 0. Therefore,

the second last term g (z*, )" - N (o) = 0. Therefore, we have
f*l (Oé*)

+>\*T ig (!L’,Oé*)

*Ti *
R T )

i * *T i * *T i *
* daf (+",a) o A da? (+",0) - L dah (+",0) o
By FOC, we have
%f(a;,a)z:m*—i—)\ %g(x,a)x:x*+u %h(x,a)x:z*—O
and therefore we have
d d d
f*/ Oé* :7!}0 JJ*,OZ _|_>\*T —q $*,Oé +M*T 7h Q’J*,Oé
(a") = o=/ (2", ) L 9% a) . (@) L

d
= %L (.’1}'*, )‘*7 /.,L*,Oé)

a=a*

which is the envelope result we want to show®.

With the envelope theorem, we do not need to derive the value function f*(«) explicitly to
analyze how it responds to changes to the parameter «. The derivative of the Lagrangian are
usually simpler, because in many cases the constraints are linear in the parameters (e.g. the budget
constraint is linear in endowment and prices).

Now let’s verify the equation in the envelope theorem for the eample given in Section 4.4. The
solution to the Kuhn-Tucker conditions is given as

(23 ), 2 ) ) am (I1—a)m a®(1—a) ™
Zy1\pP1,p2,m),To(pP1,pP2, M), p1,p2,m)) =1 —, ) —
! 2 D1 D2 Pepy

The value function of the maximization problem is

1— ma®(1 —a)t=@
U(ppram) = (xi()a (:L‘;) ¢ = a l—a
P1Po
Taking its first order derivative w.r.t. (p1,p2, m) we have:
v malte(1 — a)l=@ .
% == a+1, 11—« =—A L1
1 P11 DPo
ov ma®(1 —a)?@ .
F i — = —\"x5
P2 P13

5In the heuristic calculation above, we assumed that = (), A (&), and u (a) are all differentiable at o*. However,
the result is still true even when this assumption does not hold.
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@ B aa(l _ a)lfa

%
om e

From the envelope theorem, we have:

adipﬁl('f{v '1;7 )‘*aplap2, m) = _)‘*fL

%([BT, 1‘;, A", p1, D2, m) = —)\*:U;,

oL
%(xiuxgv /\*7])17]727771) = A"

5.4 Interpretation of Lagrangian Multipliers*

We can use envelope theorem to obtain an interpretation of the Lagrangian multipliers.
Let X be an open set in R”, and let f : X - R, g: X — RF, and h: X — R™ be C! functions.
Consider the parameterized problem P (a,b)

max f ()

s.t.

{ g(x)+a>0
h(z)+b=0

where (a,b) € R¥ x R™ are parameters. If the problem P (a,b) has a solution, define f* (a,b) as the
maximum value of the problem P (a,b).

When we move (a,b) around (a*,b*) = (0,0), we are considering perturbations around the
original problem P (0,0)

max f (z)

s.t.

{ g(x) =0
h(z)=0

A small positive a; can be viewed as a slight relaxation of the constraint g; () > 0, which
might make the feasible set slightly larger, which in turn might make the maximum value slightly
higher. We are interested in how such a slight relaxation of the constraint g; (z) > 0 will affect the
maximum value, i.e. we are interested in the partial derivative g—g (0,0).

If in the original problem P (0,0) there is a unique maximizer z*, CQ holds at z*, and 3 & > 0
and r > 0 s.t. V (a,b) € B-(0,0), 3 x € (argmaxP(a, b)) N B, (z*), then we can invoke the
envelope theorem at (a*,b*) = (0,0), and we have

d
d(a,b)
d

f*(a,b)

(a,b)=(0,0)
d

+ )\*T _ * +
(a,0)=(0,0) d (av b) <g (x ) CL)
d
+u T ——— (h(z*) + b
d(a,b) ( ( ) ) (@h)=(0.0)
=0+ AT [Ikloka] + M*T ) [Omxk’Im]
= (/\1,...,)\k,,u1,...um)

- d(a,b)f(x

(a,b)=(0,0)

Therefore, we have
af*
8aj

(0,0) = A,
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foreach j =1,...,k, and
af*
—(0,0) =
8bl(7 ) /"Ll

foreachl=1,...,m.

Therefore, the Lagrangian multiplier A; corresponding to the inequality constraint g; (z) > 0
measures the marginal increase in the maximum value under a marginal relaxation of the constraint
gj(x) > 0. As a consequence, \; is sometimes called the shadow price of the constraint
gj (z) = 0.

In a firm’s maximization problem, the objective function is usually the firms profit function,
and a constraint g; () > 0 usually represents the requirement that total usage of some resource
(labor/capital/electricity/...) is weakly less than the total amount of this resource available to the
firm. Then \; can be called the shadow price of this resource (labor/capital/electricity/...),
and by envelope theorem, it measures the marginal increase in profit by marginally increasing the
total amount of this resource available to the firm. In other words, \; is the price the firm is willing
to pay for an additional unit of this resource.

By K-T theorem, the Lagrangian multiplier A; corresponding to the weak inequality constraint
gj () > 0 is required to be nonnegative. This is consistent with our interpretation of A; as the
marginal gain by slightly relaxing the constraint g; () > 0, because a relaxation of a constraint never
decreases the maximum value. Also, CSC in K-T theorem states that if the constraint g; (z) > 0
is not binding at optimum, i.e. g; (z*) > 0, where z* is the unique maximizer, then we must have
Aj = 0, i.e. we will gain nothing by slightly relaxing the constraint. On the other hand, if there
is a strictly positive marginal gain by slightly relaxing the constraint g; () > 0, i.e. A; > 0, then
there is no reason not to fully exploit the constraint in the optimization, i.e. the constraint must
be binding at optimum.

Notice that CSC only requires at least one of \; and g; (z) is zero, and in fact they could be
both zero. In other words, it is possible for some constraint to be binding, while slightly relaxing
this constraint does not increase the maximum. For example, consider the problem

max —z2 s.t. >0
z€R

in which case both the Lagrangian multiplier is 0 and the constraint is binding.

The Lagrangian multiplier y; corresponding to the equality constraint h; () = 0 measures the
marginal change in the maximum value under a marginal perturbation of the equality constraint
hi (x) = 0. By its nature, it may be positive or negative, which is consistent with the assumption
on y; in K-T theorem.

6 A Brief Introduction to Dynamic Programming

Consider the infinite horizon inequality-constrained maximization problem (one-sector optimal growth
problem):

[e.e]

max ZBtU(Ct)

{Ct 7kt+1 }tOiO t=0

s.t. ct + kt+1 < f(kt)
Ct, kt+1 Z O,t = 0, 1,
ko > 0 given.
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where U and f are strictly increasing. Here the choice variables are a sequence {cy, ki11}72.
Since kg is a parameter, we can find the value function v : Ry — R which gives the maximized
value of the object function given kq:

o0

v(kp) = max ZﬁtU(ct)

{etkiv1}520 =0

st + ke < f(ke)
Ct, kt+1 Z O,t = O, 1,
ko > 0 given.

Since the problem is time-independent, v(k1) would be the maximized value of the object func-
tion if the program starts in period t + 1. Buv(kp) is this value discounted at period ¢ = 0. So we
can write the problem in t = 0 as

maxU (co) + pv(k1)

co,k1

st. co+k < f(k‘o)
€o > 07 kl > 0
ko > 0 given.

By definition of v we substitute out cy:

v(ko) = - U (f(ko) — k1) + Bu(k1)

Since subscript does not matter, we can write

v(k) = o max U (f(k)—y) + Bu(y)

Now the unknown is not a variable but the function v. We call this a functional equation.

Theorem 6.1 (Blackwell’s sufficient condition for contraction). Let X C R¥ and B(X) a real
vector space of bounded functions f : X — R, with norm defined as ||f|| = sup,ex |f(z)|. Let
T : B(X) — B(X) be an operator satisfying

(1) (monotonicity) If f,g € B(X) and f(z) < g(x) for Vo € X, then (Tf)(z) < (Tg)(x) for
Ve e X.

(2) (discounting) There exists some 3 € (0,1) s.t.

(T(f+a)(x) <(Tf)(x)+ Ba, for Vf € B(X),a >0,z € X,

where (f + a) is defined as (f + a)(z) = f(z) + a.
Then T is a contraction with modulus 3.

In dynamic programming, Blackwell’s sufficient conditions are often easy to verify. In the

problem above, we define an operator T as
Tv)(k) = max U (f(k)—y)+ pv
(To)(k) = | mase U (£(K) =) + Boly)

We want to find a fixed point of operator T, i.e. a function v s.t. Tv = v. We can verify
that 7T is a contraction using Blackwell, and by contraction mapping theorem we know that such
a fixed point exists. To find it we iteratively apply 7', starting with an arbitrary function vy until
convergence (under certain specified convergence criteria).
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